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Abstract 

OO ' It is known that principal orbits of Hermann type actions on a symmetric 

space of non-compact type are proper complex equifocal and curvature-adapted 
and that, conversely, irreducible curvature-adapted proper complex equifocal 
I submanifolds of codimension greater than one in the symmetric space occur as 

principal orbits of Hermann type actions. In this paper, we investigate the mean 
curvature flows having a curvature-adapted proper complex equifocal subman- 
• ifold or its focal submanifold as initial data conceptionally without use of the 

I second-part of the above facts. Concretely the investigation is performed by in- 

vestigating the mean curvature flows for the lift of the submanifold to an infinite 
dimensional pseudo-Hilbert space through a pseudo-Riemannian submersion. 

> 

00 . 

^ ' 1 Introduction 

cn 

Let /t's {t G [0,r)) be a one-parameter C°°-family of immersions of a manifold M 
' into a Riemannian manifold N, where T is a positive constant or T = oo. Define a 

O : rnap/: Mx[0,T) Nhyf{x,t) = ft{x) {{x,t) G Mx[0,T)). If, for each t G [0,r), 

!*{{-§[) (x,t)) is the mean curvature vector of ft : M ^ N, then /^'s {t G [0, T)) is 
called a mean curvature flow. In particular, if /t's are embeddings, then we call 
^ ■ Mi := /t(M)'s (0 G [0,r)) rather than /i's (0 G [0,T)) a mean curvature flow. Liu- 

^ , Terng [LT] investigated the mean curvature flow having isoparametric submanifolds 

(or their focal submanifolds) in a Euclidean space as initial data and obtained the 
following facts. 



Fact 1([LT]). Let M he a compact isoparametric submanifold in a Euclidean space 
and C he the Weyl domain of M at (G M). Then the following statements (i) 
and ill) hold: 

(i) The mean curvature flow Mt having M as initial data collapses to a focal suh- 
manifold F of M in finite time. If the natural fihration ofM onto F is spherical, then 
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the mean curvature How Mf has type I singularity, that is, lim ^ max^g^x I l^t 1 1^ 

{T — t) < oo, where is the shape operator of Mt for v, ||oo is the sup norm 
of A* and S-^Mt is the unit normal bundle of Mt- 

(ii) For any focal submanifold F of M, the set of all parallel submanifolds of M 
collapsing to F along the mean curvature How is a one-parameter C°°-family. 

Fact 2([LT]). Let M and C be as in Fact 1 and a be a stratum of dimension greater 
than zero of dC . Then the following statements (i) and (ii) hold: 

(i) For any focal submanifold F (of M) through a, the maen curvature flow Ft 
having F as initial data collapses to a focal submanifold F' (of M) through da in 
finite time. If the natural fibration of F onto F' is spherical, then the mean curvature 
Eow Ft has type I singularity. 

(ii) For any focal submanifold F (of M) through da, the set of all focal sub- 
manifolds of M through a collapsing to F along the mean curvature Sow is a one- 
parameter C°° -family. 

Since the focal submanifold of M through the only 0-dimensional stratum of dC 
is a one-point set, it follows from the statement (i) of Facts 1 and 2 that M collapses 
to a one-point set after finitely many times of collapses along the mean curvature 
flows. 

As a generalized notion of compact isoparametric hypersurfaces in a sphere and 
a hyperbolic space, and a compact isoparametric submanifolds in a Euclidean space, 
Terng-Thorbergsson [TT] defined the notion of an equifocal submanifold in a sym- 
metric space as a compact submanifold M satisfying the following three conditions: 

(i) the normal holonomy group of M is trivial, 

(ii) M has a flat section, that is, for each x G M, J^x ■= exp-'-(r^M) is totally 
geodesic and the induced metric on S^, is fiat, where T^M is the normal space of 
M at X and exp"*- is the normal exponential map of M. 

(iii) for each parallel normal vector field v of M, the focal radii of M along the 
normal geodesic 7^^ (with 7^,^(0) = Vx) are independent of the choice of x G M, 
where 7^,^ (0) is the velocity vector of 7^^ at 0. 

The author has recently investigated the mean curvature flow having equifocal sub- 
manifolds (or their focal submanifolds) in a symmetric space of compact type as 
initial data and obtained the following facts. 

Fact 3([Koil2]). Let M be an equifocal submanifold in a symmetric space G/K 
of compact type. Then the following statements (i) and (ii) hold: 

(i) If M is not minimal, then the mean curvature How Mt having M as initial 
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data collapses to a focal submanifold F of M in finite time. Furthermore, if M is 
irreducible, the codimension of M is gcatcr than one and if the natural fibration M 
onto F is spherical, then has type I singularity. 

(ii) For any focal submanifold F of M, the set of all parallel submanifolds of M 
collapsing to F along the mean curvature How is a one-parameter C°°-family. 

Fact 4([Koil2]). Let M be as in Fact 3, C be the image of the fundamental domain 
of the Coxeter group of M at (G M) by the normal exponential map and a be 
a stratum of dimension greater than zero of dC (which is a stratified space). Then 
the following statements (i) and (ii) hold: 

(i) For any non-minimal focal submanifold FofM through a, the mean curvature 
flow Ft having F as initial data collapses to a focal submanifold F' of M through 
da in finite time. If M is irreducible, the codimension of M is greater than one and 
if the natural fibration of F onto F' is spherical, then the mean curvature How Ft 
has type I singularity. 

(ii) For any focal submanifold F of M through da, the set of all focal sub- 
manifolds of M through a collapsing to F along the mean curvature How is a one- 
parameter C°° -family. 

Since focal submanifolds of M through the lowest dimensional stratum of dC are 
reflective (hence minimal) , it follows from the statement (i) of Facts 3 and 4 that M 
collapses to a minimal focal submanifold of M after finitely many times of collapses 
along the mean curvature flows. Note that any isoparametric submanifold in a 
Euclidean space is a principal orbit of some s-representation and any irreducible 
equifocal submanifold of codimension greater than one in a symmetric space of 
compact type is a principal orbit of some Hermann action (i.e., the action of a 
symmetric subgroup of the isometry group of the symmetric space). The author 
([Koil]) introduced the notion of a complex equifocal submanifold in a symmetric 
space G/K of non-compact type as a generalized notion of an equifocal submanifold 
in the symmetric space and he ([KoiS]) introduced the notion of a proper complex 
equifocal submanifold as a complex equifocal submanifold having a good complex 
focal structure, where "good complex focal structure" means that the focal structure 
of the complexification of the submanifold at any point xq consists of infinitely many 
complex hyperplanes in the normal space at xq and that the group generated by the 
complex reflections of order two with respect to the complex hyperplanes is discrete. 
Let if be a symmetric subgroup of G. The natural action of H to G/K is called a 
Hermann type action. He has recently shown the following facts. 

Fact 5 ( [KoiS], [Koil 1]). (i) Principal orbits of a Hermann type action are proper 
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complex equifocal and curvature-adapted. 

(ii) Let AI be an irreducible proper complex equifocal -submanifold of codi- 
mension greater than one in a symmetric space G/K of non-compact type. If M is 
curvature-adapted, then M is a principal orbit of some Hermann type action. 

Here we note that means the real analyticity. Also, he has recently shown 
the following fact. 

Fact 6([Koill]) Let M be a proper complex equifocal -submanifold in a sym- 
metric space G/K of non-compact type. If codimM = rank(G/X) and the root 
system of G/K is reduced, then M is curvature-adapted. 

We can show that the only curvature-adapted proper complex equifocal submanifold 

admitting no focal submanifold is a totally umbilic hyperbolic hypersurface H"^ in 
an (n + l)-dimensional hyperbolic space Let M be a curvature-adapted 

proper complex equifocal submanifold in a symmetric space G/K oi non-compact 
type other than a hyperbolic space. Then it has recently been shown that the lowest 
dimensional focal submanifold is a reflective submanifold (see the proof of Theorem 
A in [Koill]). Note that the infinitely many lowest dimensional focal submanifolds 
are possible to exist. Let Fi be one of the lowest dimensional focal submanifold. 
Without loss of generality, we may assume that eK G Fi. Since Fi is reflective, 
Fj^ := exp-'-(r^i<';) is also reflective. Both Fi and Fj^ are symmetric spaces. Set 
p := TeK{G/K) and p' := T^Fi. Take a maximal abelian subspace b of p' and a 
maximal abelian subspace a of p containing b. Let A be the root system oi G/K 
with respect to o and A' be that of Fj^ with respect to b. Also, let p^ be the root 
space for a G A. If rankF^-^ = rank{G/K), then we have a = b and A' C A. 

In this paper, we prove the following fact for the mean curvature flow having a 
curvature-adapted proper complex equifocal C"^-submanifold or its focal submanifold 
as initial data. 

Theorem A. Let M be a curvature-adapted proper complex equifocal -submanifold 
in a symmetric space G/K of non-compact type other than a hyperbolic space, Mt 
(0 < t < T) the mean curvature How having M as initial data. A, p^ and p' be as 
above. Assume that codimM = rank(Cr/-ftr) and that dim(pQ, fl p') > ^dimp^ (a G 
A). Tlien the following statements (i), (ii) and (iii) hold. 

(i) M is not minimal and Mt collapses to a focal submanifold of M in finite time. 

(ii) If Mt collapses to a focal submanifold F of M in finite time and if the natural 
fibration of M onto F is spherical, then Mt has type I singularity. 

(iii) For any focal submanifold F of M, the set of all parallel submanifolds of M 



4 



collapsing to F along the mean curvature How is a one-parameter C°°-family. 

Remark 1.1. If codimM = iax\k.{G/K) and if Fi is a one-point set, then M satisfies 
all the conditions in Theorem A. For example, principal orbits of the isotropy action 
of a symmetric space G/K of non-compact type are curvature-adapted and proper 
complex equifocal submanifolds, their codimensions are equal to the rank of G/K 
and their lowest dimensional focal submanifolds are equal to the one-point set {eiC}. 
Hence they satisfy all the conditions in Theorem A. Also, principal orbits of Hermann 
type actions in Table 1 (see Section 5) satisfy all the conditions in Theorem A. 

The focal set of a curvature-adapted proper complex equifocal submanifold M 
at any point x(g M) consists of the images of finitely many (real) hyperplanes in 
the normal space T^M by the normal exponential map exp-*- of M and the group 
generated by the reflections with respect to the hyperplanes is a (finite) Coxeter 
group. In [Koi6], we called this group the real Coxeter group associated with M. 

Theorem B. Let M, Mf and Fi be as above. Assume that codimM = rank(G/ii') 

and that Fi is one-point set. Let a be a stratum of dimension greater than zero of 
the fundamental domain C (which is a stratified space) of the real Coxeter group of 
M. Then, the following statements (i) and (ii) hold. 

(i) Any focal submanifold F of M through exp-'-(a) is not minimal and the mean 
curvature flow Ft having F as initial data collapses to a focal submanifold F' of M 
through exp-'"(9cr) in finite time. If the natural hbration of F onto F' is spherical, 
then Ft has type I singularity. 

(ii) For any focal submanifold F of M through exp-'-(9a), the set of all focal 
submanifolds of M through exp(a) collapsing to F along the mean curvature flow 
is a one-parameter -family. 

According to the statement (i) of Theorems A and B, if M is a curvature-adapted 
proper complex equifocal C^-submanifold, codimM = rank(G/i^) and if Fi is one- 
point set, then M collapses to one-point set after finitely many times of collapses 
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along the mean curvature flows. 



Mt — > 

F} — > F^ 

Ff~^ — y one point set 

F"^ : a focal submanifold of M 
F' : a focal submanifold of F''^ (i = 2, • • • , - 1) 

2 Basic notions and facts 

In this section, we briefly review the notions of a proper complex equifocal sub- 
manifold in a symmetric space G/K oi non-compact type and a proper complex 
isoparametric submanifold in an (infinite dimensional) pseudo-Hilbert space. First 
we recall the notion of a complex equifocal submanifold in G/K. Let M be a sub- 
manifold with flat section in G/K, where "M has flat section" means that, for each 
X = gK G M, exp-'-(r^M) is a flat totally geodesic submanifold in G/K. Denote 
by A the shape tensor of M and R the curvature tensor of G/K. Let v G T^M 
and X G T^M {x = gK). Set R{v) := R{-,v)v. Denote by the geodesic in G/K 
with 7(,(0) = V. The strongly M-Jacobi field Y along 7^ with Y{0) = X (hence 
F'(0) = -AyX) is given by 



= (^'..lio,, ° (cos(.v^) - ''"^^^^ o Ay))iX), 

where Y'{0) = VyY and P-y^i^Q is the parallel translation along 7t;|[o,s]- Since M 
has fiat section, all focal radii of M along 7^ are given as zero points of strongly 
M-Jacobi fields along 7^,. Hence all focal radii of M along 7^ coincide with the zero 
points of the real-valued function Fy over M defined by 

Fyis) := det (^cos(.v^) - ""^J^^ o A^j . 

So we defined the notion of a complex focal radius of M along 7^, as the zero points 
of the complex-valued function F^ over C defined by 



F„^(.) := det ( cos(zVW) - ''^('V^ 
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where R{v)'^ (resp. A^) is the complexification of R{v) (resp. A^). Also, for a com- 



the multiplicity of the complex focal radius z. Here we note that, in the case where 
M is of class C^, complex focal radii along 7„ indicate the positions of focal points of 
the extrinsic complexification M'^('^ G^/K'^) of M along the complexified geodesic 
7f ^, where G^/K'^ is the anti-Kaehlerian symmetric space associated with G/K and 
L is the natural immersion of G/K into G^/K^. See [Koi2] about the definitions of 
G^ /K^, M^('— > G^ /K^) and 7^^^. Furthermore, assume that the normal holonomy 
group of M is trivial. Let t; be a parallel unit normal vector field of M. Assume that 
the number (which may be 00) of distinct complex focal radii along 7^)^ is indepen- 
dent of the choice of x G M. Let {vi^x I * = 1) 2, • • • } be the set of all complex focal 
radn along 7^;^, where |ri,a;| < \ri+i,x\ or "|ri,a;| = |ri+i,a;| & Reri,^; > Rerj+i,a;" 
or "\ri,x\ = |n+i,a;| & R-eri,a; = Rerj+i,j; & Imrj^a; = -Imrj+i,j; < 0". Let rj 
{i = 1, 2, • • • ) be complex valued functions on M defined by assigning rj^^ to each 
X G M. We call these functions {i = 1,2,---) complex focal radius functions 
for V. If, for each parallel unit normal vector field v of M, the number of distinct 
complex focal radii along is independent of the choice of x G M, each complex 
focal radius function for v is constant on M and it has constant multiplicity, then 
we call M a complex equifocal submanifold. 

Next we recall the notion of a proper complex isoparametric submanifold in 
an (infinite dimensional) pseudo-Hilbert space. Let M be a pseudo-Riemannian 
submanifold of finite codimension in a pseudo-Hilbert space {V, { , )). See [K-kyu] 
about this definition. We call M a Fredholm pseudo-Riemannian submanifold (or 
simply Fredholm submanifold) if there exists an orthogonal time-space decomposition 
y = F_ F+ such that {V, { , )v±) is a Hilbert space and that, for each v G T-^M, 

is a compact operator with respect to /*( , )v±i where an orthogonal time-space 
decomposition V = V-®V+ means that ( , )\v-xV- is negative definite, ( , )|y_|_xy+ 
is positive definite and that ( , )\v-xv+ = 0, and ( , )v± '■= —'^v_{ , ) + 7i"v'_^( ; ) 
(7ry_ (resp. 7rv^_) : the orthogonal projection of F onto F_ (resp. V'+)). Since is a 
compact operator with respect to /*( , )v±i for each v G T-^M, the operator id — 
is a Fredholm operator with respect to /*( , )v± and hence the normal exponential 
map exp-*- : T-^M — > F of M is a Fredholm map with respect to the metric of T^M 
naturally defined from /*( , )v± and ( , )v±, where id is the identity transformation 
of TM. The set of all eigenvalues of the complexification of A^ is described as 
{0} U {;U,i I i = 1,2, • • • }, where > |/Uj+i|" or = |^j+i| &: Re^j > Re^Uj+i" 

or = l/Xi+ij &: Re/Xj = Re/Xj+i & Im//j = — Im//j_|_i > 0". We call fii the 

z-th complex principal curvature for v. Assume that the normal holonomy group 
M is trivial. Fix a parallel normal vector field v on M. Assume that the number 



plex focal radius z of M along 7„, we call dimcKer cos(za/ R{vY) 



sin{zy'R{vY) 
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(which may be oo) of distinct complex principal curvatures of Vx is independent 
of X G M. Then we define functions fli {i = 1,2,- ■■) on M by assigning the 
i-th complex principal curvature for Vx to each x G M. We call this function 
p,i the i-th. complex principal curvature function for v. A Fredholm submanifold 
M is called a complex isoparametric submanifold if the normal holonomy group of 
M is trivial and if, for each parallel normal vector field v, the number of distinct 
complex principal curvatures of direction Vx is independent of the choice of x G M 
and if each complex principal curvature function of direction v is constant on M. 
Assume that M is a complex isoparametric submanifold. If, for each v G T-^M, 
the complexified shape operator is diagonalizable with respect to a a pseudo- 
orthonormal base of (TxM)'^ (x : the base point of v), that is, there exists a pseudo- 
orthonormal base of (TxM)'^ consisting of the eigenvectors of A^, then we call M 
a proper complex isoparametric submanifold. Then, for each x G M, ^^'s {v G 
T^M) are simultaneously diagonalizable with respect to a pseudo-orthonormal base 
of {TxMY because ^^'s commute. There exists a family {Ei | z G /} (/ C N) 
of parallel subbundles of {TMf such that, for each x G M, {TxMf = {Ei)x 

holds and that this decomposition is a common-eigenspace decomposition of ^^'s 
{v G T^M). Also, there exist smooth sections Aj {i G I) of {(T-^M)'^)* such that 

= Xi{v)id on {Ei)x for each v G (T-^M)^, where x is the base point of v. The 
subbundles Ei {i G /) are called complex curvature distributions of M and Aj (i G /) 
are called complex principal curvatures of M. Define a complex normal vector field 
iij (i G /) by Ai(-) = (iij, •)'^, where ( , is the complexification of ( , ). Note that 
each rij is parallel with respect to the complexification V"*"*^ of V"*". The normal 
vector fields rij (i G /) are called complex curvature normals of M. 

Let G/K he & symmetric space of non-compact type and tt : G — >■ G/K be the 
natural projection. The parallel transport map ^ for the semi-simple Lie group G is 
defined by (f){u) := (/^(l) {u G H^{[0, 1],0)), where gu is the element of -^"^([0, l],G) 
with gu{0) = e (e, :thc identity element of G) and g^^du = Here wc note that 
H^{[0, 1],0) is a pseudo-Hilbert space. See [Koil] the detail of the definition of the 
pseudo-Hilbert space -ff°([0, l],g) and 0. Let M be a complex equifocal submanifold 
in G/K. Since M is complex equifocal, M := (7ro^)~^(M) is complex isoparametric. 
In particular, if M is proper complex isoparametric, then M is called a proper 
complex equifocal submanifold. Let M be a proper complex equifocal submanifold 
in a symmetric space G/K of non-compact type. Denote by A (resp. A) the shape 
tensor of M (resp. M). Since M is proper complex isoparametric, the complexified 
shape operators of M is simultaneously diagonalizeble with respect to a pseudo- 
orthonormal base. Hence the complex focal set of M at any point ii(G M) consists 
of infinitely many complex hyperplanes in the complexified normal space {T^MY 
and the group generated by the complex reflections of order two with respect to 
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the complex hypcrplanes is discrete. Also, for any unit normal vector v of M, the 
nullity spaces of complex focal radii along the normal geodesic 7^, with 7(,(0) = v 
span (TuMy Q (KciAy)^. From this fact, it follows that, for the complex focal set 
of the proper complex cquifocal submanifold M, the following fact holds: 

(*) The complex focal set of M at any point x(g M) consists of infinitely many 
complex hyperplanes in the complexified normal space (T^M)^ and the group 
generated by the complex reflections of order two with respect to the complex 

hyperplanes is discrete. Also, for any unit normal vector v of M, the nullity spa- 
ces of complex focal radii along the normal geodesic 7^ with 7(,(0) = v span 
(T^M)'^ e (Kcr A„ n Ker 

Conversely, it is conjectured that, if this fact (*) holds for a complex equifocal 
submanifold M, then it is proper complex equifocal. Here we note that, for any 
equifocal submanifold M in a symmetric space of compact type, the following fact 
similar to the above (*) holds: 

(*') The focal set of M at any point a;(G M) consists of inhnitely many 
hyperplanes in the normal space T,-^M and the group generated by the 
reflections with respect to hyperplanes is discrete. Also, for any unit 
normal vector v of M, the nullity spaces of focal radii along the normal 
geodesic 7^ with 7^,(0) = v span T^M Q (Ker A„ n KeiR{v)). 

Let H he a symmetric subgroup of G (i.e., there exists an involution of G with 
(Fixr)o C H C Fixr), where Fixr is the fixed point group of r and (Fixr)o is the 
identity component of Fixr. The natural action H on G/K is called a Hermann 
type action. It is shown that a principal orbit of a Hermann type ation is a proper 
complex equifocal and curvature-adapted ( [Koi3] ) , where the curvature-adaptedness 
means that, for each normal vector v of M, R{-,v)v preserves T^M {x :the base 
point of v) invariantly and that [R{-,v)v, A^] = (R : the curvature tensor of G/K). 
Let P{G,H X K) := {g G H^{[Q,l],G)\{g{0),g{l)) e H x K}, where H^{[0,1],G) 
is a pseudo-Hilbert Lie group of all i^^-paths in G having [0, 1] as the domain. See 
[Koil] about the detail of the definition of -ff^([0, 1], G). This group P{G,HxK) acts 
on H^[[0, 1],q) as gauge action. It is shown that orbits of the P{G,H x iC)-action 
are the inverse images of the iJ-orbits by tt o ^ (see [Koi2]). 
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3 The regularized mean curvature vector of Fredholm 
submanifold with proper shape operators 



In this section, we shall define the regularized mean curvature vector of a certain 
kind of Fredholm submanifold in a pseudo-Hlbert space. Let M be a Fredholm sub- 
manifold in a pseudo-Hilbert space (V, { , )). Denote by A the shape tensor of M. 
Fix V € T-^M. If the complexified shape operator is diagoalizable with respect 
to a pseudo-orthonormal base, then A^ is said to be proper. If ^4^ is proper for 
any v G T-^M, then we say that M has proper shape operators. Assume that M 
has proper shape operators. Fix v £ T^M. Let {^i | i = 1,2, • • • } > |Atj+i|" 

or "|;Uj| = & Re^j > Re/ij+i" or = & Re^Uj = Re^j+i & Im^j = 

— Im //j+i > 0") be the set of eigenvalues of A'^ other than zero and nii the multiplic- 
ity of /Xj. Then we define the trace Tr^^ of A'^ by Tr^^ •.= ^miiJLi. If there exists 

i 

A^ for each v G T-^M, then we say that M is regularizable. It is shown that, if 
jj, is an eigenvalue of A^ with multiplicity m, then so is also the conjugate p, of /x. 
Hence wc have TrA^ G M. Define e T^M by {H,^,v) = Ti A^ (Vt; G T^M). 
We call the normal vector field H [: x ^ H^) of M the regularized mean curvature 
vector of M. Let ft : M ^ V {0 < t < T) he a C°°-family of regularizable Fredholm 
submanifolds with proper shape operators and Ht be the regularized mean curvature 
vector of ft. Define by / : M x [0, T) ^ F by f {x,t) := ft{x) {{x,t) G M x [0,r)). 
If f^{9.) = Ht, then we call ft{0<t<T) the mean curvature flow. 

Let G/K be a symmetric space of non-compact type, n : G ^ G/K he the 
natural projection and ^ : .^'^([0, l],^) ^ G be the parallel tansport map for G. Let 
M be a curvature-adapted proper complex equifocal C"*'-submanifold in G/K and 
set M := (vr o (^)~^(M), which is proper complex isoparametric (hence has proper 
shape operators). Denote by H the mean curvature vector of M. Then we have the 
following fact. 

Lemma 3.1. The submanifold M is regularizable and the regularized mean curva- 
ture vector H is equal to the horizontal lift of H. 

Proof. Without loss of generality, we may assume that eK G M. For simplicity, set 
m := TexM and b := T^M. Since M is fiat section (hence b is abclian), the normal 
connection of M is flat and since M is curvature-adapted, the operators R{-,v)v^s 
{v G b) and A„'s {v G b) commute to one another. Also they are diagonalizable with 
respect to an orthonormal base, respectively. Therefore they are simultaneously 
diagonalizable with respect to an orthonormal base. Let m = -|- J2 be the 
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common eigenspace decomposition of R{-,v)v^s {v G b) and m = rtio + 5^ be 

the common eigenspace decomposition of ^t,'s (v G b), where := fl Keri?(-, v)v 

and := n KerA^. Set mf := dimm^ and mf := dimm^. Also, set if := 

veb 

{j G |m/ n mf ^ {0}} (i G U {0}). Since R{-,v)v {v G b) and A„'s {v G b) 
are simultaneously diagonalizable, we have tn = ^ X] (m^ n mf-). Let /3j(> 0) 

(f G I^) and (i G I"^) be linear functions over b defined by R{-, v)v\^r = — )^id 
(f G b) and A^I^a = Ai(f)id {v G b). Denote by br the set of all v G b such that 
Pi{v) / 0, Xi{v) 7^ 0, Pi{vys {i G I^) are mutually distinct and that so are also 
Ai(t;)'s [i G I^). Note that br is open and dense in b. Fix G b^- Denote by A the 
shape tensor of M and Spec A^j^ the spectrum of ^4^^ , where is the horizontal lift 
of V to the constant path at the zero vector of g. Set if^ := {j G if \ \Xj{v)\ > 
mv)\}, := {j G lf\\Xj{v)\ < mv)\} and ':= {j G //^ | |A,(^;)| = 

Since M is a curvature-adapted proper complex equifocal C"^-submanifold, 
we can show that if^ o = ^ (see Theorem A of [Koil]) and that if^ _^ and if^ _ are 
at most one point sets, respectively (see the proof of Theorems B and C of [Koi6]). 
When _|_ / (resp. lfj_ / 0), denote by jf^ (resp. the only element. Set 
/^^ := {i G I^\lf,^+ / 0} and I^_ := {i G '/^ | _ / 0}. For simplicity, set 
^fv ■~ "^"^± '^"^f ^^"^ "^ft; ^^^^fv- According to [Koil], SpecA*^^ \ {0} is given 

by 



(3.1) 



^^^^^^^ \ - K.ct.nmiv)/XMv))^k.V^l ' ' ' ' ' 

I jj- ^^(^) 1 7 f= 7^ A- G 

^arctanh(A,- {v)/Pi{v)) + {k + \)ttV^ ' ^ 



Hence we have 



TV Jc ^ Mv) + 

.4^&-«tanh(A(.)/A..(.)) + /..V^ - 

+ 2^ 2^ — ^ X m. 



kez arctanh(A^_ (.)/A(.)) + {k + k)^V^l 
mjAj(i;) = Tr A„ (g M). 
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in terms of coth0 = Yljez e+jj^-i ^^'^ coth(0 + ^\^ ) = tanh^. Hence M is 
regularizable and Trl^^ = TrAy. This implies {H^,v^) = {HeK,v){= {{H^)q,v^)). 
Since this relation holds for any v e br and br is dense in b, we obtain = {H^)^. 
Similarly we can show Hu = {H^)u for any u G M. Thus we obtain H = H^. 

q.e.d. 



By using Lemma 3.1 and imitating the proof of Lemma 3.1 of [Koil2], we can 
show the following fact. 

Lemma 3.2. The mean curvature How Mt (rcsp. Mt) having M (resp. M) as 
initial data exists in short time and Mt = (tt o (p)~^[Mt) holds. 



4 Proofs of Theorems A and B 

Let M be a curvature-adapted proper complex equifocal C"^-submanifold in a sym- 
metric space G/K of non-compact type other than a hyperbolic space. Without loss 
of generality, we may assume that eK G M. We use the notations in the previous 
section. Denote by ^ the focal set of M at eK. Since tt o is a pscudo-Riemannian 
submersion, the focal set of M at is equal to {v^ \ exp-^(t;) € where exp-*- 
is the normal exponential map of M and is the horizontal lift of v to 0. In 
the sequel, we identify with v through (vr o 0)^q. The focal set ^ is equal to 

{v \ KeT{Ay — id) / {0}} (c b). The complex focal structure ^'^ of M at is defined 
by '.= {v I KeT{Ay — id) / {0}} (c b*^). According to the proof of Theorems B and 
C of [Koi6], by using (3.1) and discussing delicately, we can show that j3i{v)/X-+ (v) 

and A — {v)/Pi{v) are independent of the choice of v (in the sequel, we denote these 

constants by and c^, respectively), and are independent of the choice 

of V (in the sequel, we denote these sets by and I^) and that ^'^ is described as 
follows: 



(4.1) 



U U /3,'=-^(arctanhc++jW-l) 
U [ U U ^^-^(arctanhc- + {3 + ^)7rv^) 
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Since A + = -^Pi and A — = Cj Pi, they are independent of the choice of w G b. 
Hence we denote A ± by A^. Therefore, ^ is given by 

(4.2) U /3ri (arctanh c+). 

Denote by A the set of all complex principal curvatures of M. According to (3.1), 
A is given by 



A 



U 



I arctanh + 
arctanh Cj + {j + h)Tr^/^ 




where f3f is the parallel section of {{T^M)'')* with (^f)^ = /3f. Since G/K is not 
a hyperbolic space and M is proper complex equifocal and curvature- adapted, it 
admits a focal submanifold. Hence we have 7^ and n (arctanh c^) / 0. 



FixOG n (arctanh c+). Set 

A' := {p,\iel'^}u{-Pi\iel'^}, 

A'^:={A|iG/«}U{-ft|iG J:^}, 

A'^ := {Pi\ie I^} u {-Pi I i e I^}. 

Let a be a maximal abelian subspace of p containing b(= T^M) and A be the root 
system of G/K with respect to 0. Then we have A' = {a\\, | a G A s.t. a\t, 7^ 0}. Let 
Fi be the focal submanifold of M through xq := cxp-'"(0), which is one of the lowest 
dimensional focal submanifolds of AI. It is shown that Fi is totally geodesic (see the 
proof of Theorem A of [Koill]). Furthermore, it is shown that Fj^ := exp-'-(r^Fi) 
is totally geodesic by imitating the proof of Lemma IB. 3 of [PoTh]. Thus Fi and 
Fj^ are symmetric spaces. It is shown that A'^ is the root system of the symmetric 



space Fj^. For simplicity, we set 



' arctanh cf 

arctanh c- + o ttv — 1 
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and 



arctanh c. 



Then we have 



arctanh Cj + ^''^y 



A = { j^—= j e Z} 



For simplicity, we set := ^\ _p (i G J^, j G Z). Take v G bj-\i?, where we note 
that § = U (A+)ri(l). We have dimKer {A^ - (xf.)^{v)id) = mf {i G j G Z). 

Set := Ker(j4^ — (A^)Q(^;)id) {i £ I^, j G Z), which arc independent of the 
choice of u G \ 5^- Take another u) G \ 5- Let w be tlie parallel normal vector 
field of M with Wq = w. Denote by 775; the end-point map for w and := r]Q{M), 
which is a parallel submanifold of M. We have 



Denote by the shape tensor of Myj. We have 

(i-)Sl, - id - ^iSloM^id. 
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Hence the set A*" of all complex principal curvatures of Myj is given by 

1-(A1)6H' ^ 

u{--^i—-\ieitjez} 

it 



X 



■l + 6+iV=T-(A+)6H 



u{ — ^ liei^, j e z} 

h + 6-iv5T-(A,-)6H 

{ T — je Z} 

arctanh + j'K^/—l — Pi{w) 

arctanhc^ + (j + ijTrv— 1 — Pi(^«) 



Hence we have 



Tr{A^r ^ P^[^) — ^ + 



X m- 



^4 3^ .^^^^.^^ arctanh +(i + i)7r^-AH 

= ^2 fT^i" coth(arctanh — Pi{w))Pi{v) 

+ tanh(arctanh — /3j(u)))/3i(f ) (f G b), 

where we use Y] „ , . ^ , , = coth^ and coth(^ + ^^(t^ ) = tanh^. Hence we have 

{{H'^)nj,v) = m,+ coth(arctanhc+ - /3i{w))/3l v) 

+( tanh(arctanh — Pi(w))pl, v), 
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where /?} is defined by A(-) = (^},-) {i e I^). Since this relation holds for any 
u G br \ 1?, we have 



(4.4) 



Set 



{H"")^ = J2 m+coth(arctanhc+ - Pi{w))pl 

+ ^ m~ tanh(arctanh c~ — Pi{w))pj. 

C:={u;Gb|(A+)6H<l(iG/f)} 

= {w eb\ Pi{w) < arctanhc+ (i G I^)}, 



which is a fundamental domain of the real Coxeter group associated with M. Each 
parallel submanifold of M passes through the only point of exp-'-(C) and each focal 
submanifold of M passes through the only point of exp^ (<9C) . Define a vector field X 
on C by Xyj := {H^)w {w G C). Let {tpt} be the local one-parameter transformation 
group of X. Now we prove the statements (i) and (iii) of Theorem A. 

Proof of (i) and (iii) of Theorem A. First we shall show the statement (i). Denote by 
5i {i G if) the maximal dimensional stratum of dC contained in /^^"^(arctanhc^). 
Fix zq G if. Take wq G o'lg and and Wq ^ C near wq such that wq — Wq is normal to 
Set Wq := ewQ + {l—s)wo for e G (0, 1). Then we have lim^/3ig{wQ) = arctanhc^ 

and sup /^^^(wq) < arctanhc^ for each i E lf:\{io}. Hence we have 

0<£<1 

lim^coth(arctanh — Ao('"^o)) — 

and 

sup coth(arctanh — Pi{wQ)) < oo {i e if \ {io})- 

0<e<l 

Therefore, we have lim , , ^ " , , is the outward unit normal vector of o",-,, . Also we 
have lim = oo. From these facts, X is as in the first figure of Fig. 1 on a 

£-)-+0 " 

sufficiently small collar neighborhood of . 
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Fig. 1. 



Define a function p over C by 

p{w) := — ^ mf log sinh(arctanii — Pi{w)) 

— ^ log cosh(arctanh c~ — Pi{w)) {w G C). 

Prom the definition of X and (4.4), we have grad p = X. For simplicity, set di := -£r- 
(i = 1, • • • , r). Then we have 

(4.5) '^^+ 

■^p^ cosh^ (arctanh c~ — Pi (w) )^^^ i^^'^^ 

ksw ^ dC, . , 2/ ] + n , — >■ for at least one i e l5: and — -^7 ^ — - — ^ , 

Sinn (arctanhc^— pi(ioj) ^ cosh (arctanh — Pi(«!jj 

< 1 for all i e I^. Hence we see that p is downward convex on a sufficiently 
small collar neighborhood of dC. Furthermore, since codimM = rank(G/ii') and 
dim(pQ, n p') > ^dimpQ (a G A) by the assumption, we have if: = I^, > 
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and = Cj (i G I^). The relation (4.5) is rewritten as follows: 



{djdkp){w) > J2 

i(zlR\lR 



sinli^(arctanlic^ — * '' 
Amt 



sinh^ 2(arctanlic^ — /3i{w)) 



Hence we see that p is downward convex on C. Also, it is clear that p{w) — t- oo as 
w —7- dC and that p{tw) — t- — oo as t — ^ oo for each w ^ C. From these facts, p and 
X are as in Fig. 2. Hence t i— )■ V't(O) converges to a point W2 of dC in a finite time 
T. Therefore M is not minimal and the mean curvature flow Mf collapses to the 
focal submanifold of M through exp-'-(u;2) in finite time. Thus the statement (i) is 
shown. 





X 



the graph of p 



Fig. 2. 



Next we shall show the statement (iii) of Theorem A. Since X is as in the second 
figure of Fig. 2, we obtain the following fact: 
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(*) For each w G dC, there exists w' e C such that the flow ipt{w') converges 
to w. 

Now we shall show that the situation as in Figure 3 cannot happen. 




Fig. 3. 



Let W be the real Coxctcr group of M at 0, that is, the group generated by the 
reflections with respect to the (real) hyperplanes 4's (i G l!^) in b containing cjj. This 
group is a finite Coxeter group. Set V := Span{/3f | i G /f } and Cy := CnV 
(see Fig. 4). This space V is VF-invariant and W acts trivially on the orthogonal 
complement V-^ of V. Let {(/>i, • • • ,(j)r'} be a base of the space of all VF-invariant 
polynomial functions over V, where we note that r' = dim V. 




Fig. 4. 

Set $ := (01, • • • ,(t)r'), which is a polynomial map from V to W' . It is shown that 
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$ is a homeomorphism of the closure Cy of Cy onto ^(Cy). Set (,wit) '■= i^t{w) 
and ^w{t) := where w £ Cy- Let (xi, • • • ,Xr') be a Euchdean coordinate 

of V and {yi,-" -.Vr') the natural coordinate of W . Set ^^(i) := Xi{^yj{t)) and 
:= Viiiwit)) (i = 1, • • • ,?•')• Then wc have 

(?l)'(t) = (grad(y,ocI>)^^(,),X5^(,)) 
= XI '"i^ coth(arctanh c+ - A(^«;(*)))A(grad(yi o 

+ X "^i" tanh(arctanhCj" - /3i(^^(i)))^i(grad(yi o 

Let fi be the W^-invariant C°°-function over V such that 

fi{v) := ^ coth(arctanh c+ - Pj{v))Pj{gTaA{yi o $)„) 

+ X "^7 tanh(arctanh cj - Pj{v))Pj{grad{yi o $)^) 

for all V € Cy. It is easy to show that such a W-invariant C°°-function ex- 
ists uniquely. According to the Schwarz's theorem in [S], we can describe fi as 
/j = 1^ o $ in terms of some C°^-function 1^ over MJ" . Set Y := (Yi,--- ,1^), 
which is regarded as a C°°-vector field on W . Then we have = ^*{Xyj) 

{w G Cv), that is, ^|$(^^^ = ^*{X). Also we can show that "^Ig^^^c^^ has 

no zero point. From these facts, we see that, for any w G dCy, the set {w' G 
Cv I the flow 'ijjt{w') converges to is equal to the image of a flow of X (see Fig. 
5). In more general, from this fact, we obtain the following fact: 

(*2) For any w G dC, the set {w' G C \ the flow ipt{w') converges to w} is equal to 
the image of a flow of X. 

Thus the situation as in Fig 3 cannot happen. 
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(The extension of 

Fig. 5. 



Take an arbitrary focal submanifold F of M. Let exp (wi) be the only intersection 
point of F and exp-^{dC). According to the above fact (*2)! the set of all parallel 
submanifolds of M collapsing to F along the mean curvature flow is a one-parameter 
C°°-family. Thus the statement (iii) of Theorem A is shown. q.e.d. 



Next we prove the statement (ii) of Theorem A. 



Proof of (ii) of Theorem A. Let M and F be as in (ii) of Theorem A. Since the 

natural fibration of M onto F is spherical, so is also the natural fibration of M 
onto F. Hence F meets one of {dC n /3j^^(arctanhc^))°'s {i € I^) (and one point). 
Assume that F meets {dC H /3~^(arctanh c^))°. Let uq be the intersection point. 
Let T be the explosion time of the flow Mf. Denote by ^* (rep. vl*) the shape tensor 
of Mt (resp. M^), iJ* the mean curvature vector of Mt and the regularized mean 
curvature vector of Mf. We have 

Spec(I* )'= \ {0} = i ^^^^^L ^ j^-L) 

^ ^ [arctanhc++j7r^-A(V't(0)) ' ^ J 



(4.6) 

for each v G T^^^^^Mt{= TqM). Since ^ lim^Vt(6) = «o e (5C n ^~^(arctanhc+))°, 



1 arctanh c" + (j + ^)7rV^ - A(V't (0)) 
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we have hm diAibtv^)) = arctanhc,^ and hm dMtiO)) < arctanha^ (i E l5:\ 
{io})- Hence we have 



,~f-_o"^-'v^ nco.- t4Tlo(arctanhc+-Ao(^t(6)))2 

1 2 1 

= 2/5^0 W i^T-o (arctanhc+ - Ao(V't(6)))Ao(|V't(6))' 
Since 4V't(6) = , r^., it follows from (4.4) that 



lim ^ ||(At)1l^(r - t) = ^ lim ^ , 7^ : (r - i) 

(4.7) 



^^m^(arctanhc+ - Ao(^t(6))))Ao (^V't(6)) 



lim 

t->-r-o 



/ 

m+coth(arctanhc+ - A(V't(6)))(/3*, /3t)(arctanhc+ - Ao(V't(6))) 



+ mrtanh(arctanh cr - A(Vt(6)))(/3;,/3;^)(arctanhc+ - Ao(V't(6))) 



t-5>T-0 



which together with (4.7) deduces 



rt ^c 1 12 A„(^') 



lim ||(4)'=||^(r-t) = ^ , , 



and hence 



(4.8) hm^ max_||(yi:,)ni^(r-t) 



Thus Mj has type I singularity. Denote by expg. the exponential map of G and Exp 
the exponential map of GjK at eK. Also, denote by 5(1) the unit hypersphere 
in b centered at 0. Set gt := cxp(j(^/'( (0)) and := gt*{v) for each u G '5(1). 
The relation Vf = (n o 4>)^,^^(^Q-^iv) holds. Since M is proper complex equifocal and 
curvature-adapted and since Mj is a parallel submanifold of M, Mf is also proper 
complex equifocal and curvature-adapted (see Lemma 3.4 of [Koi9]). It is easy to 
show that rE^p(^^(6))^t = 9t*im) and that T^^p^^^(^o))Mt = gt*iK) + E 9t*(rnf) 
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is the common-eigenspace decomposition of R{-,vt)vt^s (v G b). In similar to /3j 
(i G I^), Xf {i G /f ) and (i G I:^), wc define linear functions Pj (i G 7-^), (Af)+ 
(i G If) and (A*)- G on T^^^g^M^ = gt.b by 

^(•'^0^4t*{m«) = ^l(^t)^id e b), 

{A G Spec(4X^^(„«)) I |A| > = {(A*)+(t;t)} (i; G b) 

{AGSpec(4j^^^(„K))||A| < \Pt{vt)\} = m-{vt)} (veb). 

It is clear that = ft o g'J^ {i G 7-^). The values P\{vt) / {\\)^ {vt) {i G if) and 
{Xl)~{vt)/f3j{vt) {i G /:?) are independent of the choice of f G b. Denote by (c*)+ 
and (c*)~ these constants, respectively. If i G /:|^ Pi I^, then we have {cj)~^ = (c*)^. 
Hence we shall denote (c^)"*" {i G /:|^) and (c^)^ (i G /:?) by cj for simplicity. In the 
sequel, we use this notation. The spectrum of [A^Y other than zero is given by 

Spec {Air \ {0} = { ^ /ff. ^ I i e , i G Z} 

arctanh q + jttv — 1 

u{ _j-ez}. 

arctanh q + [j + |)7rv— 1 



On the other hand, we have lim max |(A*„)^(t;t)| = oo and hence lim c* = 0. 
Also we have lim max \(Xt)^(vf)\ < oo and hence lim Icfl > (i & iS: \ l^oD- 
Therefore we obtain 



lim (T — t) max = lim (T — t) max , , . 

t^-T-o veS{i) t^T-o i;e5(i) \ arctanh 

= max ftp('y)^ lim 



veS{i) t-Tt-o arctanh^ cj^ 



(4-9) _ / T-t ( (\t\+( \2 

= lim (T-t) max (A*J+(z;t)' 
= lim (T-t) max 11^*- = Hm (T-t) max IIALlli,. 

Prom this relation and (4.8), we obtain 

lim (T-t) max = < oo. 

Thus the mean curvature flow Mj (0 < t < T) has type I singularity. q.e.d. 
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For each 5 C /+, we set 

as := {wedC\ (XtU^) < 1 (i G \ 5) & CKkH = Hi & S)} 

= {w e C \ Pi{w) < arctanhc+ {i £ \ S) k /3i{w) = arctanhc+ (i G S)}, 

which is a stratum of C. Take w Gas- Let w be the paraUel normal vector field of 
M with Wq = w. Denote by 77,5; the end-point map for w and Fy^ := 77^ (M), which 
is a focal submanifold of M. We have 

Ty,F^ = ( e e nii,{E±) ) e ( e e r/^,(^,:.) ) . 

Denote by the shape tensor of F^,. In similar to (4.3), we have 
TV {A^y = ml coth(arctanh cf - Pi{w))Pi{v) 

^ ' ' tanh(arctanhc+ - /3i{w)) /3i{v) (g M) 

for any v G b, where b is regarded as a subspace of T^Fy,. Set L := M n T^Fyj, 
which is a focal leaf of M. For any u e L, let t)„ be the section of M through u. 
We can show {H'^)w G H bu- Hence, from (4.10), the regularized mean curvature 

vector H'^ of Fyj exists and {H^)w is given by 

{H'")y,= m+coth(arctanhc+ - A(«^))/3" 

(4 11) je/«\S 

+ ^ m~ tanh(arctanh — /3j(i(;))/3|. 

Define a vector field X^s on ^5 by := {H''")y, (w Gas). This vector field X^s 

is tangent to as- Let {V^^^} be the local one-parameter transformation group of 
X^s_ 



Proof of Theorem B. First we shall show the statement (i) of Theorem B. Let F 
be as in the satement (i) of Theorem B. Set F := (vr o (f))~^[F). Since the lowest 
dimensional focal submanifold Fi of M is a one-point set by the assumption, we 
have = 0. Let wq be the intersection point of F and a- Set 5*0 := {i € 
I^) \(3i{wo) = arctanhc^}. Since dima > 1, we have I^\ Sq / 0. According to 
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(4.11), we have 



{X'')^ = [H"")^ = m+coth(arctanhc+-A(«;))/3; 
(4.12) ig7«\5o 

{w G a). 

We can show that X'^ is as in Fig. 6 on a sufficiently small collar neighborhood of 
each maximal dimensional stratum of da. Define a function over a by 

Pa{w) := — log sinh(arctanh — Pi{w)) {w G a). 

Easily we can show grad = X^ . Let (xi, • • • , x^") be the Euclidean coordinate of 
n /3j~^(arctanhc^). For simplicity, set di := (i = 1, • • • ,r"). Then we have 

Hence we see that pg: is downward convex on a. Also, it is clear that Pa{w) — t- oo 
as w — )• 5a and that Pa{tw) — >■ — oo as i — > oo for each w ^ a. From these 
facts, it follows that ip^iwo) converges to a point w\ of da in a finite time. The 
mean curvature flow Ft collapses to the focal submanifold of M through exp-'-(itJi)(G 
exp-'-(5fj)). This completes the proof of the first-half part of the statement (i). 
The second-half part of the statement (ii) is proved by imitating the proof of the 
statement (ii) of Theorem A. 

Next we shall show the statement (ii) of Theorem B. Set V := Span{/3f \ i € 
and ay := a r\V . Denote by be the minimal dimensional affinc subspacc of V 
containing ay- Let W-^ be a finite Coxeter group generated by the refiections with 
respect to the (real) hyperplanes /f's {i £ \ Sq) in containing aiDV^. Let 
{(pi, • • • , (j)^,} he sl base of the space of all VF^-invariant polynomial functions over 
V^, where we note that r' = dim V3;. Set := ■ ■ ■ , (p'^.,), which is a polynomial 
map from V5; to M'' . It is shown that $3; is a homeomorphism of the closure ay of 
ay onto ^^(o'y). Set ^w{t) := ipt{w) and ^w{t) '■= ^a{ipti''^))> where w G ay. Let 
(xi, • • • , x^') be a Euclidean coordinate of Vg; and (yi, • • • , y^') the natural coordinate 
of W'. Set Cwit) ■■= XiiCUt)) and CU*) ■= ViiCwit)) {i = !,■■■ , r'). Then we have 

(^t)'(t) = (grad(y,o$5)^^(,),X|„(,)) 
= X] "^i*'coth(arctanhc+- /3i(^i„(t)))/3i(grad(?/iO$g:)^^(i)). 
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Let /f be the W^g?-invariant C°°-function over such that 

fi'iv) ■= XI "^Z coth(arctanhc+ - Pj {v)) Pj {gTad{yi o $5)^) 

for all f G ay. It is easy to show that such a Wj-invariant C°^-function exists 
uniquely. According to the Schwarz's theorem in [S], we can describe /f as /f = 
o$5 in terms of some C°°-function Yf over W' . Set := (Ff , • • • , Y^), which is 
regarded as a C°°-vector field on W . Then we have Y^^^^^ = {^^)^,{X^) {w G ay), 

that is, = (<I>3:)*(X°"). Also we can show that has no zero 

point. From these facts and the fact that X'^ is as in Fig. 6 on a sufficiently small 
collar neighborhood of each maximal dimensional stratum of day, we see that, for 
any w G day, the set {w' G ay | the flow ijjf{w') converges to w} is equal to the 
image of a flow of X'^. In more general, from these facts, it follows that, for any 
w G da, the set {w' G a \ the flow ip^{w') converges to w} is equal to the image of a 
flow of X"^. From this fact, the statement (ii) of Theorem B follows. q.e.d. 




Fig. 6. 



We shall show that, in the statement of Theorem B, we cannot weaken the 
condition that Fi is a one-point set to the condition (A' = A and dim(pQ, fl p') > 
^dimpQ, {a G A)) in the statement (i) of Theorem A. Assume that M satisfies the 
condition in the statement (i) of Theorem A. Let be as above and a := asg- 
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Define a function over u by 

p^{w) := — logsinh(arctanhc^ — 

— ^ log cosh(arctanh — Pi{w)) {w Ea). 
We have grad/35 = Also, it follows from mj' > and = {i G I^) that 
iOM) >- E^^_^^ sinh^(arcta::fc^-,.H) ^-(^)^(^) 
ie(7«\5o)n7« ''''^ 2(arctanhc+ - Pi{w)) 
je5^/« cosh (arctanhc^:^ - (5i{w)) 

Thus we cannot conclude whether p is downward convex or not bacause of the 
existence of the third term in the right-hand side of this relation. From this reason, 
in the statement of Theorem B, we cannot weaken the condition that Fi is one-point 
set to the condition in the statement (i) of Theorem A. 



5 Examples 

Principal orbits of Hermann type actions on a symmetric space G/K of non-compact 
type are proper complex equifocal and curvature-adapted. Principal orbits of the 
isotropy action K G/K and those of Hermann type actions H r\- G/K as in 
Table 1 satisfy all the conditions in the statement (i) of Theorem A. In Table 1, L 
is the fixed point group of Got, where is a Cartan involution of G with (Fix^?)o C 
K C Fix^ and r is an involution of G with (Fixr)o <Z H C Fixr. Note that we 
may assume 9 o t = t o 6 without loss of generality. Then, for a Hermann type 
action H r\G/K, Fi := H{eK) is one of the lowest dimensional focal submanifolds 
of principal orbits oi H r\ G/K (see Fig. 7). In particular, in case of the isotropy 
action K r\ G/K, Fi is a one-point set. Hence the principal orbits of the isotropy 
action satisfy all the conditions in the statement (i) of Theorem B. 
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Fq = H/H n K 


= L/H n K 


SO*{2n) 


SC/*(2n)/5p(n) 


SO*(2n)/U(n) 


SLCn, C)/5(7{n) 


SO*{2p) 


5(7{p,p)/5(;7(p) X U{p)) 


SO*(2p)/U{p) 


5p(p,K)/;7(p) 


SO(n,C) 


SL{n,C)/SU{n) 


SO{n,C)/SO{n) 


SL(n,K)/SO{n) 


SU*[2p) ■ U{1) 


Sp(v,p)/Sp(p) X Sp(p) 


SU*{2p)/Sp{p) 


Sp{p,C)/Sp(p) 


SL{n,C) ■ 50(2,C) 


Sp(n,C)/5p(n) 


SL{n,C)/SU(n) 
xSO(2,C)/SO(2) 


5p(n,]R)/i7(n) 


Sp(l,3) 


EllSU{&) ■ SU{2) 


Sp(l,3)/5p(l) X SpiS) 


F|/5p(3) • 5p(l) 


SU{1,5) ■ 5L(2,M) 


E^"/5pm(10) • C/(l) 


SU{1,5)/S{U{1) X f7(5)) 
xSL(2,M)/50(2) 


5O*(10)/C7(5) 


Sp(4, C) 




5p(4,C)/5p(4) 


i?|/5p(4) 


SU{2,6) 


^/50'(12) • SU{2) 


5C/(2,6)/5(;7(2) X (7(6)) 


£;|/5(7(6) • 51/(2) 


5L(8,C) 




5L(8,C)/Sf/(8) 


£j/Sf/(8) 


50(16,C) 


Ei/Es 


SO(16, C)/SO(16) 


E|/50(16) 
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5p(3,C)/5p(3) 
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x,SL(2.C)/^(\2) 


G2/50(4) 



Table 1. 

M = H{gK) 




F^ = L/Hr]K 



exp^(b) 



Fig. 7. 
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